We show that the set of diagonal similarity scalings that minimize the scaled singular value of a matrix is nonempty and bounded if and only if the matrix that is being scaled is irreducible. For an irreducible matrix, we derive a sufficient condition for the uniqueness of the optimal scaling.
Introduction
Given a matrix M E CnX" and a nonsingular diagonal matrix D E C n X n , the similarity-scaled singular value of M corresponding to scaling D is defined as where llPll stands for the maximum singular value (spectral norm) of the matrix P.
The optimal diagonal scaling problem is to minimize f ( M, 0 ) over all diagonal nonsingular matrices D: Find We will provide a sufficicnt condition for Dopt to be nonempty (which means the infimum in (2) is achicved) and a sufficient condition for ' Dol,, to be a singleton (which means that there is a unique optimal scaling).
Boundedness of Dopt
Let V, denote the sub-level set
The following theorem relates the irreducibility of A4 to the boundedness of the sub-level sets (for proofs of this theorem and others in this paper, see [l] 
Example 2 (Dopt nonempty & unbounded)
It can be verified that Dopt equals the set
Dopt for irreducible matrices
We next present a sufficient condition for Dopt to be a singleton. 
